By extending both arithmetical operations into finite sets of natural numbers, from the entire set of natural numbers successively deleting some residue classes modulo a prime, we invented a recursive sieve method or algorithm on natural numbers and their sets. The algorithm mechanically yields a sequence of sets, which converges to the set of all primes p such that 2p + 1 divides the Mersenne number M p . The cardinal sequence corresponding to the sequence of sets is strictly increasing. So that we have captured enough usable structures, without any estimation, the existing theories of those structures allow us to prove an exact result: there are infinitely many Mersenne composite numbers with prime exponents M p .
Introduction

A Mersenne number
x M is a number of the form 2 1. One has a conjecture and an open problem about Mersenne numbers.
There are infinitely many Mersenne primes.
There are infinitely many Mersenne composite numbers.
In 1750 Euler stated and in 1775 Laglange proved the following theorem [2] .
Let 3mod 4 p ≡ is prime. Then 2 1 p + is also prime if and only if 2 1 p + divides M p . When p and 2 1 p + both are prime, the prime p is said to be a Sophie Germain prime. If we prove that there are infinitely many Sophie Germain primes of the form 4 3 k + , then we prove that there are infinitely many Mersenne composite numbers.
In normal sieve theory, like the twin prime conjecture, it is hopeless to prove the Sophie German prime conjecture.
Primes have some obvious structures. We don't know if they also have some additional structures. Because of this, we have been unable to settle many questions about primes [3] .
In 2014, Simon Davis provided a probabilistic proof of infinite extent of the sequence of Mersenne composite numbers with prime exponents [4] .
In 2011, author used the recursive sieve method, which reveals some exotic structures for sets of primes, to prove the Sophie Germain prime conjecture: there are infinitely many primes p such that 2 1 p + is also prime [5] . In this paper we extend the above structural result to prove: there are infinitely many Sophie Germain primes of the form 4 3 k + , then we solve the open problem about Mersenne composite numbers.
In order to be self-contained, we repeat some contents in the paper [5] .
A Formal System
For expressing a recursive sieve method by well formed formulas, we extend both arithmetical operations addition +, multiplication × on natural numbers into finite sets of natural numbers.
We use small letters , , a x t to denote natural numbers and capital letters , , A X T to denote sets of natural numbers. For arbitrary both finite sets of natural numbers , A B we write
, , , , , ,
We define 
where N is the set of all natural numbers and ( ) P N is the power set of N.
We denote this model by ( ) P N . Given a interpretation of the formal language 0, 1, +, ×, ∈ , the set of true sentences in ( ) In the formal system ( ) P N , we may introduce a recursive algorithm and produce some recursive sequences of sets. A new notation, the sequence of sets, reveals structures for some prime sets. Based on the theory PA ZF + and the existing theories of those structures, we can carefully construct a logical deduction, which is built into the structures of the natural numbers and their sets, to solve some old prime problems in pure mathematics.
"A well chosen notation can contribute to making mathematical reasoning itself easier, or even purely mechanical." [6] .
We do not further discuss this formal system in view from logic and mathematical foundation
A Recursive Algorithm or Sieve Method
From the entire set of natural numbers successively deleting some residue classes modulo a prime, we invented a recursive sieve method or algorithm on natural numbers and their sets. Now we introduce the algorithm for Sophie Germain In the formal system ( ) P N we obtain a recursive formula for the set
which describe the recursive algorithm or sieve method for Sophie Germain primes of the form 4 3 k + .
The number of elements of the set
2 .
We exhibit the first few terms of formula (3.4) and briefly prove that the algorithm is valid by mathematical induction. We may rigorously prove formulas (3.4) and (3.5) by mathematical induction, the proof is left to the reader.
In the next section we refine formula (3.4) and solve the open problem
A Main Theorem
We call a Sophie Germain primes of the form 4 3 k + a S-prime. Let e T be the set of all S-primes { }
: is a S-prime
(4.1)
By the recursive sieve method we shall determine an additional exotic structure for the set e T based on the limit of a sequence of sets
lim . p . We delete non S-primes or non S-primes together with a S-prime.
The sifting condition or "sieve" is ( )
We modify the sifting condition to be ( )
According to this new sifting condition or "sieve", we successively delete the 
We delete all sets j C with 1 j i ≤ < from the set 0 N of all natural numbers x of the form 4 3 k + , and leave the set
The set of all S-primes is The recursive sieve (4.3) is a perfect tool, with this tool we delete all non S-primes and leave all S-primes. So that we only need to determine the number of all S-primes e T . If we do so successfully, then the parity obstruction, a ghost in house of primes, has been automatically evaporated.
With the recursive sieve (4.3), each non S-prime is deleted exactly once, there is need neither the inclusion-exclusion principle nor the estimation of error terms, which cause all the difficulty in normal sieve theory. Then we obtain a new recursive formula
Except remaining all S-primes x less than i p in the initial segment i T ′ , both sets i T ′ and i T are the same. The initial segment is a well chosen notation. We shall consider some properties of the initial segment, and reveal some structures of the sequence of the initial segments to determine the set of all S-primes and its cardinality.
Let i A be the number of S-primes less than i p . Then the number of elements of the initial segment i T ′ is
From formula (3.5) we deduce that the cardinal sequence i T ′ is strictly increasing primes e T , and the corresponding cardinality i T ′ approaches infinity as i → ∞ . Thus the set of all S-primes is limit computable and is an infinite set.
Next we give a formal proof based on set theory and order topology
A Formal Proof
Let First from set theory, next from order topology we prove this Lemma.
Proof:
For the convenience of the reader, we quote a definition of the set theoretic limit of a sequence of sets [7] . we say that the sequence of sets n F converges to the limit
According to the definition of the set theoretic limit of a sequence of sets, we obtain that the sequence of left sets ( )
The sequence of subsets ( )
A of S-primes is ascending
We obtain that the sequence of subsets ( )
A converges to the set e T , lim . We quote a definition of the order topology [8] .
Let X be a set with a linear order relation; assume X has more one element. Let B be the collection of all sets of the following types: According to the definition there is no order topology on the empty set or sets with a single element.
The recursively sifting process, formula (4.9), produces both sequences of sets together with the set theoretic limit point e T . We further consider the structures of sets 1 X and 2 X using the recursively sifting process (4.9) as an order relation ( ) ,
.
The set 1 X has no repeated term. It is a well ordered set with the order type 1 ω + using the recursively sifting process (4.9) as an order relation. Thus the set 1 X may be endowed an order topology.
The set 2 X may have some repeated terms. We have computed out the first few S-primes x. The set 2 X contains more than one element, may be endowed an order topology using the recursively sifting process (4.9) as an order relation. The set of all S-primes is an infinite set.
We give two proofs. 
Conclusions
In pure mathematics, without any statistical data, without the Riemann hypothesis, by the recursive algorithm, we well understand the recursive structure, set theoretic structure and order topological structure for the set of all S-primes on sequences of sets. We choose a well notation, the sequences of set, which makes mathematical reasoning itself easier, or even purely mechanical. Then we obtain a formal proof of the open problem about Mersenne composites.
In general, we may discuss Shophe German primes of the form , x kx c + , then treat another prime problems, in this paper we do not discuss them.
